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1. Introduction

The group sequential procedure proposed by Pocock (1977) is frequently employed to
test for differences in effect between two treatments (drugs) in clinical trials involving long-
term therapy. The group sequential procedure is known as a testing method that reduces the
average sample size, as conclusions at an early stage. Furthermore, procedure for determining
the repeated confidence boundaries for testing based on a pre-specified significance level
include those by O’Brien and Fleming (1979), DeMets and Ware (1980), Lan and DeMets
(1983), Whitehead (1983) and Fleming Harrington and O’Brien (1984). This method involves
repeated testing, which introduces the problem of multiple comparisons leading to an inflated
significance level. However, this issue can be resolved by setting repeated confidence bound-
aries as proposed by Armitage (1969). Typically, group sequential procedure is used to test the
difference in effect between two treatments.

In this study, we extend the group sequential procedure for control comparisons in multi-
sample problems based on the approach of Dunnett (1955) for multiple comparisons. Based on
the simultaneous hypotheses at each stage, we define test statistics and adopt the probability
that at least one true null hypothesis is incorrectly rejected among multiple comparisons with
the type I familywise error rate. Repeated confidence boundaries are constructed so that the
cumulative nominal significance levels across stages equal a prespecified overall significance
level. However, it is not practically feasible to determine the critical values requires evaluating
multiple integration that depend on the number of stages K. Therefore, we derive an integral
formula at each stage based on the nominal significance level at each stage. In addition, a new
decision rule is introduced in this study. To construct the repeated confidence boundaries, the
Pocock’s method, the O’Brien and Fleming’s method, and the Lan and DeMets’ method are
employed. Since this study considers group sequential testing for simultaneous hypotheses

among several groups, Ramsey’s all-pairs power is adopted as the power of the test in the
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multiple comparison. Finally, simulation studies are conducted to compare the repeated
confidence boundaries and required sample size by Pocock, O’Brien and Fleming, and Lan and

DeMets methods in the settings of several treatments with stages.

2. Group sequential procedure for contrast in several populations
Group sequential procedure is a method that sequentially tests the difference in effect
between two treatments based on the group observations obtained at each stage. Hereafter,
the point at which tests are performed based on the obtained group observations is referred
to as a stage, and the maximum number of tests K is specified in advance. Here, let the
number of treatments be L (L > 3), and let the response to each treatment be represented by
the random variables X7, --- , X1. At this point, let X, -- , X1 follow normal distributions
N(py,02),- ,N(ur,0?) respectively, where i1, - - - , uz, denote the population means and o
represents the known population variance. We will write these distributions as
X; ~N(u,o*)(1=1,---,L). 2.1)

Table 2.1 Group observations at each stage

Stage Group observations

1,1 Z1,2 et L1n,

1
Tr,1 L, 2 T TLn
Timng 1+1 Ting 1+2 Tiny

k
TLn 1 +1 TLn 1 +2 e TLn
Tinp g+l mrLlj\',1+2 Tin g

K
TLn g 1+1 TLn g 1+2 e TLn i

Let g denote the number of samples extracted at each stage. Then, for each treatment, the
cumulative number of sample 1, obtained by the stage k(k = 1, -+ , K)is given by n;, = g X k.
Table 2.1 shows the group observations obtained from stage 1 to stage K. In this study,
treatment 1 serves as the control, and comparative analyses are conducted with treatment
[(l=2,---,L). Specifically, the following simultaneous hypotheses will be tested sequentially

at each stage.

2.2)

(1

{ Null hypotheses H1(g) SHe = p1, v, Hl((l)) S =y, e Hl(%) DL = 1,
Alternative hypotheses le) Do A p1, o, HS) SUFE 1, e, Hl(lL> S UL F -
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The sample mean X, ;. of treatment /(I = 1,--- , L) at stage k(k = 1, - -- , K) is given by

B ng X . 0_2
Xl,k: Z ﬁNN(Mla7>al:17"'aLak:1a"'aK (23)
_ g g
j=nr_1+1
and let _
X
Zl,k = \/g Lk NN(\/§M171> ) lzla aLa kzla 7K- (24)
' g g
Then
Zl,k_Zl,kNN(Ma2)al:27"'7L7k:17"'7K7 (25)
g
: (k\/gﬂz
= P~ 7,/&),l:1,~-,L,k:1,~-,K. :
Ul ; Z; ~ N (=2 (2.6)
The test statistic at stage k(k = 1, -- , K') can be expressed as follows :
k
k _
Sup =Upp — Uiy :Z(Zz,z‘ —Z1;) NN(M,%) y1=2,--- L, k=1,--- K. (2.7)

1=1

2.1. Determination of repeated confidence boundaries

Conventionally developed group sequential procedure is characterized by their approach to
setting repeated confidence boundaries, their foundation lies in the theory of Armitage (1969),
which treated the problem as a stochastic process.

In this study, to further address simultaneous hypotheses at each stage, we adopt the type
I familywise error rate, the probability that at least one correct null hypothesis is erroneously
rejected in multiple comparison methods. Under the assumption that all (L — 1) null hypotheses
HY :py = (1=2,--,L) hold, the test statistics {Sy5.1,---,S1..1} at stage 1, the test
statistics {S12,2,- -+, 51,2} at stage 2, and the test statistics {S12,x, - ,Sir,x } at stage K
correspond to the repeated confidence boundaries by, by, - - - , bx determined as follows :
a; =Pr(|Si21]| > by or -+ or [SiL1] > by),
oy =Pr(|Sia1| < by, S| < b1, {[S12,2] > by or -+ or [Sip ] > ba}),

ap =Pr([Si2a] <bi,, [Sipal <biyoo [Sok—t1] bty [Sipk—1] < by-1,

{|S127k‘ > bk or --- or |SlL,k| > bk}),

oy =Pr(|Sio 1| <bi,- L |Sipa] b, [Se k1] <bg o1, [Sink —1] < bk,

{|S12,5| > bx or --- or |Sipx|>br}). (2.8)

Under the conditions that this relationship holds, for a specified significance level a, the

critical values by, - - - , bg are sequentially determined such that
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K
o= Zl o 2.9)

To determine the repeated confidence boundaries bx(k = 1,---, K) involve the joint
distribution of Sy (Il = 2,--- ,L,k = 1,--- ,K) in equation (2.8), we need to derive
the probability density function of the K(L — 1) -variable normal distribution of
Sur(l =2,---,L,k =1,---, K). However, multiple integrations depend on the number of
treatments L and the number of stages K are impractical. In this study, we attempt to derive

repeated integral formula to compute by, at each stage.

Here, under the assumption that all (1, — 1) null hypotheses Hl(?) s =m(l=2,--- L)

hold, we have pu1 = --- = pr. Furthermore, when we compute the repeated confidence

boundaries, we may set 41 = - -- = pr = 0 without loss of generality. Therefore, (2.4) and (2.6)

are respectively as follows :

X,

Zip - \/ggl,k NN<\/L§M’1) = N(0,1), [=1,-- [, k=1,--- K, (2.10)

k
k
Uk = Y, Zi; ~N< */g”l,k) =N(O0,k), I=1,--- L, k=1,--- K. (2.11)
g
i=1
Stage 1
From (2.8),

OZI = PI‘(|S1271‘ >byor --- or ‘SIL,1| > bl)

This expression can be transformed as follows :

1—a; =Pr(|Si21| <bi, -, |Si1]| <b1) =Pr(|Zog — Zia| <bi,-+ | Zp1 — Zia| < by)
= /Z Pr(|Zay — 211 < by, [ 201 —2z10] < 01|21y = 21,1)9(21,1)d21 0
o0 b1+ L-1 o
- /oo (/mzl fe)dn) - x gl (2.12)

where 9(21,1)(l = 1,-- -, L) are the probability density functions of Z; 1 ~ N(0,1)(l =1,--- ,L)

respectively and where 2,1 = 21 = 21.

Stage k(k = 2,--- , K)
From (2.8),
op =Pr(|Siaa] <br,-o S| b, [Sto o] <brt, o [Sipg 1] < bi-1,

{’SIQ,k‘ > by or --- or lle,k’ > bk})
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This expression can be transformed as follows :

1—(af + - +ap)

=Pr(|Si21] < by, 1S <bu, - [St2gk—1] Sbroty 5 [Sink 1] < bk—1,[S12k| Kby 5 [Sinw | < bi})
:/ / / Pr(|Zay — 210 < biy-oo [ 2oy —zi0] < by
|Zog + -+ Zoj—1— (z1a+ -+ 21p-1) <bp—1, | Zp1++Zpp-1— (211 + -+ 216-1)] < b1,
|Zog+ -+ Zogyy — (11 + - F2p) <k, 5| Zpai+ -+ Zop — (1 + -+ 200)| < by

[Zig =211, Zig = 210)9(211) - 9(zip—1)g(21 0 )d211 - - - dz1 g 1dz1
) 00 %) bp+zia++z1p bp_1+zia++z1k 1 1 (Z _ 2
ok — U2 k—1)
:/ / / </ / flugp—1)—=—=exp S E— duz,k—1d22,k>
—00 /-0 —0o0 —bptziito Atz btttz o V21
bp+zia+ 421 bp_1+z11++z1 81 1 2 _ 2
L.k uL,k*l)
Xoee X (/ / flupg —1)—==exp —%} dULﬁkrfleL,k)
—brtzi et zig btz bt 2g o \/ﬂ
Xg(zl,l) e 'g(zl7k—1)g(zl.k-)dzl.1 . "dzl,k—ldzl,k

- - - L-1
o0 00 by +up—1+2k [ 1 (Zk — up 1)2
= fug—1)——=—=exp {—"_ duy,_1dzy, 2.13
/—oo /foc </bk+ﬂk1+2k /*bk—1+7~lk—1 V2w 2 ( )

X f(tp—1)g(Zk)dur—1dZ,

where g(211 ), f(uik—1) are the probability density functions of Zix ~ N(0,1), U -1 =
Zin+ 4211 ~N@O,k-1)(I=1,--- L,k =1,---, K) respectively and w s -1 = Up_1
=u,1(l=1,---,L-1k=2,---  K),zip =2z, =%(=1,--- ,Lk=1,--- | K).

In our group sequential procedure, given the repeated confidence boundaries by, --- ,bx at
each stage and the real values S12,1,"** ,S1L,1,"** ,S12,K " , S1L,K of the test statistics S12,1,
<, 811,00, 812K, 0+, S11,k are given, the decision rule is as follows :
eStagek(k=1,--- ,K —1)

(@) If [s11, | < by holds for all [(l = 2,-- - , L), then refrain from making a decision and continue
to the next stage.
(b) If |s11,x | > bx for at least one among (I =2,---, L), terminate the test based on the
following decision.
oIf |s1x | < br(l =2,---, L), then accept the corresponding null hypothesis Hf?)
oIf |s1x| > br(l =2,---, L), then reject the corresponding null hypothesis Hl((l)) )
o Stage K
(c) If|s11,x | < bk holds for all I (I =2,---, L), then accept the corresponding null hypothesis

H 1(?) and terminate the test.

(d) If |s11,x] > bk for at least one among [(l = 2,---, L), terminate the test based on the
following decision.
o If |s1. x| <bg(l =2,---,L), then accept the corresponding null hypothesis H1(?)

o If |s1.x| > br(l =2,---, L), then reject the corresponding null hypothesis Hl((l)) )
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2.2. a spending function and repeated confidence boundaries
Here, we describe three representative methods for determining the repeated confidence

boundary.

(1) Pocock’s method (1977)
This method uses a common value Z at all stages. The method for determining Z involves
applying the Armitage’s method to the repeated confidence boundaries
b =2Z-Vk, k=1, K (2.14)
obtaining av .The value of Z is determined by iteratively varying it until it satisfies o =) le aj.
Specifically, it is a method that repeatedly determines the confidence boundaries by fixing Z at
each stage and matching a pre-specified significance level o with a maximum of K tests. It is
more likely to be terminated early, however if the test is not terminated early, the final analysis

will be conservative.

(2) O’Brien and Fleming’s method (1979)
This method uses U v K /k. The value of U is determined using

bk:U\/%\/E:Uw/E, k=1 K (2.15)

and is determined via Monte Carlo simulation.

(3) Lan and DeMets’ method (1983)

This method does not require pre-setting the number of interim analyses and can be
configured for either equidistant or non-equidistant intervals, allowing the repeated confidence
boundaries to be determined at any point. This method assumes the following a spending
function, allocates the significance level across each stage, and applies the Armitage’s method
based on this allocation to determine the repeated confidence boundaries. The Lan and DeMets’
method primarily consists of three approaches. These are characterized by their allocation of
the significance level a and are referred to as the Normal method, Log method, and af method,

respectively.
(a) Normal method

In this method, assuming & is the standard normal distribution and Z« is the 5 percentile point

of the standard normal distribution, a spending function a, is defined as follows :
ak2{1¢<Z§\/I]§>}, k=1,-- K. (2.16)
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This method has the characteristic of assigning a low probability at an early stage, with that

probability increasing as the number of stages increases.

(b) Log method

In the log method, o spending function o, is defined as the following logarithmic function.

ak:alog{l—k(e—l)fk(}, k=1,--- K. (2.17)
This method has the characteristic of assigning a large probability at an early stage, with that

probability decreasing as the number of stages increases.

(¢) at method
In the at method, let t = k/K and define a spending function a, as the following linear
function.

k
ak:axE:at, k=1,--- K. (2.18)

This method assumes the probability o, at each stage is constant and seeks to determine b,.
From the above methods, determine the significance level a, for each stage. Then, from a;, =

o —ay 1, determine the «, for each stage. This oy, satisfies the following relationship.

a=Y o (2.19)

2.3. Power and required sample size

The power of the test of group sequential procedure for the difference between two population
means is the probability exceeds the repeated confidence boundaries under the alternative
hypothesis. Since this study employs a group sequential procedure for simultaneous hypotheses
involving three or more population means, we adopt the all-pairs power defined by Ramsey
(1978) as the probability of detecting all pairs with differences between population means for
multiple comparisons.

Now,

VIR _AN(1=1,--
g (2.20)
then (2.4) and (2.6) become respectively as follows.

X1 u k
Ziy, = VIXik NN(\@“ZJ) — N(A, 1), Usy :Z 2, ~N( \/§Mz7k) = N(kAy k), 1=1,---, L.
g g g
i=1
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(2.21)
The probability 71']: (k =1,---,K) of accepting all (L — 1) alternative hypotheses HS) D F
pi(l =2,---, L) that reperesent differences between population means at each stage is as

follows :
7rf =Pr(|Si2,1| > b1, ,|Siz,1] > b1),
7y =Pr(|Si21| < b1y, |Sip1] < b1, |Si22] > bay -+, |Siz 2] > ba),
T, =Pr([Si2,1| < by, S| < by St Kbrore [Sing 1] < bgo,
|S12.k| > bk, 5 [Sip | > br),
T =Pr(|Si2a] <bi,- o [Sipa] <bi, o [Sex 1] <bg—1,,|Sinr —1] < bg_1,
1S12.6 [ > bxc, -+ 5 [S1Lk | > D). (2.22)

For the specified Type II error probability S,
1—fB=m 4 +7g. (2.23)
The value of A; = \/gu;/o(l = 1,---, L) is sequentially adjusted until this equation is

satisfied. Here, o is known, and we sequentially modify the value of g for 1, - -, pur, under the

alternative hypotheses. 7, (k = 1,- - - , K) is obtained via the following integrations.
Stage 1
From (2.22),
7 =Pr(|Siz1| > bi,-+,|Sipa] > b1) = Pr(|Zeq — Zia| > b1, | Z01 — Zia| > b)
o0
= / Pr(|Za1 —211| > b1, [ 201 — z101] > 1] Z1 1 = 211)9(211)dz11
o L —bi+z11 oo
Z/ H (/ f(z1)dz1 +/ f(Zz,l)de,1> 9(z1,1)dz11, (2.24)
—00 j_9 —00 b1+211 :

where g(21,1), f(z1,1)(l = 2,---, L)are both probability density functions of Zi1 ~N (A, 1)
(l=1,---,L)respectively.
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Stage k(k =2,--- , K)
From (2.22),
m

=Pr(|Si21] < by, -+, AS12 k-1 <bg—1, -, [S1p-1] < bk—1,[S12.6] > br, -+, [Sipk| > br)

o0 o0 o0 B
:/ / / Pr(|Zog — 211 < biy- 51200 — 210 < bayeee
—00 J—00 —00

| Zog+ -+ Zop1—(z11+ -+ z1p-1) <br—1, | Za+ -+ Zpp1— (zig+ -+ 2zip-1)] < b,
| Zog 4+ Zop — (g + -+ 2ip)| >y | Zoa+ -+ Zop — (21 + -+ 210)] > b

| Zigy =211, 21k = 210)9(211) - 9(215-1)9(z1 8 )d21 1 - - dz1 p—1d21
/ / / </ br+z1,1++21 5 /bk'—1+zl.1+"'+Z1,L'—1
—br_1+z10+F21 k1

1 Zok — Uz p—1 — Ng)?
f(UZ,k—l)Eexp {—( 2k 2’]; ! 2) }duz,k—1dzz,k

o be—1+zia++zip -1 1 (Z2k g — A2)2
+/ / flugp-1)—==exp—— ’2 dUZ,k—leZ,k> X e
+tziatetzig J=broatz etz o 27
—brtziit e br—1tziit 2 -1 1 (ZLk —Up g1 _AL)2
X ( fupy—1)—=exp {—-— S dup ), —1dzp
—00 —bp_1+ziat+t2ziE o V2r
00 br—1+zi1+ 421k -1 1 (ZLk —upg 1 _AL)2
+/ / flupp—1)—==exp{—-—" ’2 dup —1dzpp
brtziattzig J=broitziatetzig - \/27

xg(z1,1) - g(zip)dzi1 - dzi g

b +ui g —1+21 5 br—1+ur k-1 1 (Zlk — U lfAl)z
flug—1)—=—=exp - S dugj—1dz,
/ /OOI —o / /_bk—1+11r1,k 1 V2m 2

by 1+urg -1 1 ( 2
2 —wg—1 — 4Ap)
+/ / Ffluge—1)—=—=exp < 5 dugy —1dz g
bptur g —1+z1x J=br_1turp -1 V2r

X furk-1)g9(z1x)dur p—1dz (2.25)

where g(z1,1 ), f (uix —1) are the probability density functions of Z1  ~ N(A,1)(k=1,--- , K)
respectively and Uiy —1 = Zjn 4+ Zijp—1 ~ N((k = 1)ALk-1)(=1,--- | Lk=2,--- | K),
respectively.
Since /g /o = Ay(l=1,---,L) by (2.20),
UQAIQ
u

=1, L. (2.26)

The maximum sample size per treatment is given by npmax = gK.

3. Simulations
Table 3.1 shows the repeated confidence boundaries of Pocock’s method, O’Brien and
Fleming’s method, and Lan and DeMets’ method when o =0.05 and K =3 in the existing group

sequential procedure for difference between two population means with L =2.
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Table 3.1 Comparison of repeated confidence boundaries (L =2, K = 3)

b by bs
Pocock’s method 2.298 | 3.250 | 3.980
O'Brien and Fleming s method | 3.471 | 3.471 | 3.471
Normal method 3.395 | 3.403 | 3.492
at method 2.394 | 3.244 | 3.843
Log method 2.279 | 3.245 | 4.020

The O’Brien and Fleming’s method maintains the same value throughout all stages and
exhibits characteristics nearly identical to the Normal method. The other three methods show
an increase in the repeated confidence boundaries as the stages progress. Next, Table 3.2 and
3.3 show the repeated confidence boundaries in our study for Pocock’s method, O’Brien and
Fleming’s method and Lan and DeMets’ method when a =0.05 and (L, K) = (3, 3), (4, 4)
respectively.

Table 3.2 Comparison of repeated confidence boundaries (L =3, K = 3)

by bo b3
Pocock’'s method 3.386 | 4.788 | 5.864
O'Brien and Flemingls method | 5.498 | 5.498 | 5.498
Normal method 5.058 | 5.269 | 5.554
at method 3.708 | 5.069 | 5.637
Log method 3.555 | 5.075 | 5.634

45

4.0

30

25

e =e— Pocock's method
-O  (O'Brien-Fleming's method
-3- Normmal method
<€ Log method

- —X— gt method

‘Comparison among the repeated confidence boundaries (L=2, K=3)

20

Fig.3.1 Comparison among the repeated confidence boundaries (L =2, K = 3)
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6.0

50
1

40

—6— Pocock's method
=& O'Brien-Fleming's method
-3-  Normal method

-©  Log method

1 —X= at method

35

Comparison among the repeated confidence boundaries (L=3, K=3)
45

30

stage

Fig.3.2 Comparison among the repeated confidence boundaries (L =3, K = 3)

Table 3.3 Comparison of repeated confidence boundaries (L =4, K = 4)

by bs bs by
Pocock’s method 3.559 | 5.033 | 6.164 | 7.118
O'Brien and Fleming's method | 6.782 | 6.782 | 6.782 | 6.782
Normal method 5.905 | 6.198 | 6.528 | 6.863
at method 4.020 | 5.540 | 6.238 | 7.043
Log method 3.852 | 5.470 | 6.146 | 7.139

Similar to the conventional group sequential procedure for the difference between two
population means, the O’Brien and Fleming’s method maintains the same value throughout
all stages, exhibiting characteristics nearly identical to the Normal method. The other three
methods show increasing repeated confidence baundaries as the stage progresses. Furthermore,
as the number of L and K increases, the number of tests performed also increases, making the
group sequential test more conservative. Consequently, the values of the repeated confidence

boundaries also increase as the number of L and K increases.

2,K=3)
45
L

40

35

25

by =e—= Pocock's method
=& O'Brien-Fleming's method
-3- Nomal

o -© Log method

o —X= gt method

Comparison among the repeated confidence boundaries (L:

T T T
1 2 3

stage

Fig.3.3 Comparison among the repeated confidence boundaries (L =4, K = 4)
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Next, Table 3.4, 3.5 show the required sample sizes g at each stage of Pocock’s method,
O’Brien and Fleming’s method and Lan and DeMets’ method for the configurations of
population means (i1, ft2, p3) under K =3, L =3 and (p1, 42, 143, ft4) under K =4, L =4 with o
=0.05, o° =1, and power 1—£ =0.8 respectively.

Table 3.4 Comparison of required sample size g at each stage(L =3, K =3, 1 — £ =0.8)

(leﬂ?aﬂ?)) (171'5’2) (17273) (17375)
Pocock’s method 84 21 6
O Brien and Fleming’'s method 179 45 12
Normal method 157 40 10
at method 96 24 6
Log method 91 23 6

Table 3.5 Comparison of required sample size g at each stage(L =4, K =4, 1 — £ =0.8)

(11, po2y i3, fa) (1,1.5,2,2.5) | (1,2,3,4) | (1,3,5,7)
Pocock’s method 91 23 6
O Brien and Fleming's method 255 64 16
Normal method 202 51 13
at method 109 28 7
Log method 102 26 7

The required sample size g for O’Brien and Fleming’s method and Normal method, which
repeatedly use large repeated confidence boundaries from the stage 1, is the largest. Furthermore,
as the number of L and K increases, the number of tests performed increases, making the tests
more conservative. Consequently, the required sample size g also increases as the number of L

and K increases.

4. Further discussions

This study broadens conventional group sequential procedure typically formulated for one or
two sample settings to situations involving three or more groups. In addition, drawing on Tukey
(1953) in multiple comparison theory, we explore a sequential framework that enables stepwise
evaluation of all pairwise differences among several population means. Also we simulated to
calculate the repeated confidence boundaries and the required sample size among Pocock (1977),
O’Brien and Fleming (1979) and Lan and DeMets (1983) in the settings of several treatments
with stages.

Nonetheless, several issues arise. We adopt Ramsey (1978) of power of the test for multiple
comparisons, known as all-pairs power. In practice, however, simultaneously identifying every
true difference among population means is often difficult. For this reason, an alternative criterion
the any-pair power, derived by replacing the intersection with a union in the definition also

warrants consideration. We will obtain an analogous integral expression for this quantity and
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examine how the two notions of power differ in future.

Typically, in group sequential procedures, acceptance of null hypotheses is deferred until
the final stage. In contrast, our setup halts the procedure immediately once any null hypothesis
is rejected, leaving the remaining hypotheses unresolved when termination occurs. Moving
forward, we intend to study a rule that would allow unrejected hypotheses to proceed to
subsequent stages. Under such a scheme, statistics corresponding to rejected hypotheses would
no longer be examined later, reducing the number of active comparisons as the test progresses.
Consequently, the repeated confidence boundaries must be recomputed at each stage. This
modification has the potential to yield a group sequential procedure with improved statistical
efficiency. If future, we develop a new procedure to correct the above points and we would like

to apply this procedure to adaptive design.
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